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Let € > 0, there exists NV € N such that N > §, ie. % < €.
€
Then, for all n > N,

2n 6 6 6
—2| = <—-—< —<e
n+3 ‘ n+3 n - N ¢
Therefore, lim 2n =
Let € > 0, take § = y/e > 0. Then for |z — 0] < 4,

if x € Q, then
() = F(0)] = 2® < 6% < ¢;
if x € R\Q, then
|f(z) = fO)|=0<e

Therefore, f is continuous at z = 0.

A bounded sequence in R has a convergent subsequence.

Recall the fact that if {a,} is a sequence in A C R such that HILH;O a, = L and a,, # L for all
n € N, then L is a cluster point of A.

Let x,, = sinn, then it is a bounded sequence. By Bolzano-Weierstrass theorem, there exists
a convergent subsequence z,_. Let lim x, = L. We claim that L is a cluster point of S by
showing that there is an infinite sugszqoflence of {x,,, } such that each of them does not equal
to L.

Suppose the contrary and so there are only finitely many terms of {z,_} that do not equal to

L. Then there exists a K > 0 such that z,, = L for all » > K. Then

Tngyy = Tng
sinn(g1) = Silgy,
N+ = pr+(=1)’ng

where p is an integer. Since n(x 1) and nx are rational, p can only be zero. Then n(g 1) = nx

which leads a contradiction.

Let € > 0. Since nh_)n;o x, = L, there exists N € N such that for all n > N, |z, — L| <e.
On the other hand,

|€n| < |z, — L| 4+ |L| implies that |z, | — |L| < |z, — L| and

|L| <|L — x| + |2,| implies that —|z,, — L| < |z, | — |L].

They combine together and give ||z, | — |L|| < |z, — L|.

Therefore, for all n > N, ||z,| — |L|| < |z, — L| < € and so lim |z,| = |L|.
n— oo
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Let @, = (—1)" for n € N. Then lim |z,| =1 but {z,} does not converge.
n—oo

Suppose the contrary and so f is not bounded above.
Then there exists a sequence {z,} in K such that x,, > n for all n € N.
By compactness of K, there is a subsequence {z,,} in K such that lim x, =c¢€ K.
™00
By continuity of f, we have f(¢) = f(lim z,, ) = lim f(z,.) which diverges to positive
T—00 T—00
infinity. Therefore, it is a contradiction.

By (a), f(K) is bounded above, therefore sup f(K) exists.
Then for all n € N, there exists z,, € K such that

sup f(K) =+ < f(a) < sup f(K).

By compactness of K, there is a subsequence {z,, .} in K such that lim z, = zjp € K.

r—>00
Then,

sup f(K) = - < f(n,) < sup f(K)

By the sandwich theorem, lim f(z,,.) = sup f(K) and by the continuity of f, f(xa) =
r—00
sup f(K).



